Many-body systems can have multiple equilibria. Though the energy of equilibria might be the same, still systems may resist to switch from an unfavored equilibrium to a favored one. In this paper we investigate occurrence of such phenomenon in economic networks. In times of crisis when governments intend to stimulate economy, a relevant question is on the proper size of stimulus bill. To address the answer, we emphasize the role of hysteresis in economic networks. In times of crises, firms and corporations cut their productions; now since their level of activity is correlated, metastable features in the network become prominent. This means that economic networks resist against the recovery actions. To measure the size of resistance in the network against recovery, we deploy the XY model. Though theoretically the XY model has no hysteresis, when it comes to the kinetic behavior in the deterministic regimes, we observe a dynamic hysteresis. We find that to overcome the hysteresis of the network, a minimum size of stimulation is needed for success. Our simulations show that as long as the networks are Watts-Strogatz, such minimum is independent of the characteristics of the networks.
INTRODUCTION
The role of network and its structure has proved to be crucial in addressing a wide range of phenomena in complex systems. In economics it has been shown that the structure of the network can influence fragility of the market [1] - [4] . As well it has been proved that despite the classical view where the fluctuations in a regular network may cancel out, in scale free networks such fluctuations may contribute to a turn over of the market [5] .
From a physical perspective and in a simplified world, economy can be viewed as a network of agents which interact with each other. When agents interact in a system and try to maximize a function such as utility, then we expect to have a wide range of local equilibria. Existence of a spectrum of local equilibria then makes it hard to derive the system to a favored equilibrium and results in a hysteresis in the network. In this paper we notify such hysteresis in economic network in the context of the XY model.
A hot issue in economics which was rerose after the crash of the Lehman Brothers was the role of government in the time of crisis and stimulating policies. Obama's stimulus polices along with the Federal Reserve expansionary programs were successful to help the economy of the United States for recovery. In the debates concerning the stimulus programs, some economists claimed that only big stimulations could help economy for a fast recovery, see for example [6, 7] . In other words, there was an inspiration that market may resist for recovery.
Existence of such resistance has been studied in [8] * Al_hosseiny@sbu.ac.ir
in an Ising based model of the network of firms. Actually firms and corporations are customers of each other's products. They buy and sell their products to each other as intermediate goods. Now we can consider a network in which nodes are firms or corporations. Two nodes are connected if they have economic interactions. In other words two firms are connected if they trade. When two firms are connected, there should be some positive correlations between their level of activities. If a firm increases/decreases it production, it buys or sells more/less from its neighbors. As a result it forces its neighbors to work with higher/lower level of activity. This positive correlation provides a hysteresis in the network.
In the United States after the crisis of 2008 different states faced the crisis with different levels. Consequently, the rate of recovery was different after the crisis. In April 2012 while unemployment was as low as five percent in Iowa, it was close to eleven percent in California. When you provide a service in California you cannot hire new employees if economy is good in Iowa or other states. You should look at the activities of your neighbors in the network.
As a result of local interaction and positive correlations between neighbors, and similar to many ferromagnet models, we might have global order in the system and consequently resistance for change in the global states. Ising model as a model to explain the behavior of manager, firms, and corporation has been presented before, see [9] , [10] . It as well has been utilized to model behaviors in the financial markets [11] . Actually, in the simplest model we can suppose that firms have the choice to work with either their maximum capacity or their minimum capacity. So, they have binary choices. We then can think what happens when we want to stimulate firms which work with minimum capacity. We should overcome the effect of neighbors and bypass the wall between two vacuums of the system. Studying such problem we find that there is a minimum cost to change states of an Ising model. In other words stimulations with a cost below that threshold fails to recover economy. It seems that it is mainly because in the spectrum of energies of the configuration of states, there is a hump between two vacuums of the Ising model.
Simulating the network of firms with an Ising model sheds light on the metastable features of networks and hysteresis against recovery. It has the benefit of being simple to model, analyze, and simulate. It has however its own restrictions. The major problem is that firms have much more than a binary choice. Basically they can work with any level of activities within a range. Now, one relevant question is what happens if we consider firms with a continuos choice of activity. Does there still exist a minimum bound for successful stimulations? To answer this question we simulate network of firms with an XY model. Despite the Ising model, in the XY model, each agent can have a continuos choice. As a result in the configuration space, vacuums can change without a hump in energy. Now, it is interesting to check if going from an agent base model with binary choices to another one with continuous choice still for successful stimulation we need a minimum of cost.
HYSTERESIS IN AN ISING MODEL
Consider two firms or corporations which trade with each other. We connect them in network of firms via an edge. In each firm, managers can rise or reduce working hours. Further, they can employ new or fire old employees. In other words they have choice to decrease or increase the level of their productions or services. This choice however is limited. There is maximum capacity where production above it is impossible, and a minimum capacity where production below it results in loss. In the simplest case we suppose that firms have a binary choice of working with either maximum or minimum level of activity, see [9] .
Each manager looks at her neighbors and decides to minimize or maximize production with the probabilities as
where N ↑/↓ represents the number of neighbors which work with maximum/minimum capacity and P ↑/↓ indicates the probability to choose a high or low level of activity. The parameter J shows the strength of connection between two firms. Actually it should be related to the Figure 1 : The favored situation is where a firm and its neighbors have the same status i.e. either working with maximum capacity or minimum capacity. In this figure we have considered a two dimensional lattice where each firm is connected to four other firms. In times of crisis where all firms work with minimum capacity, if the government compensates for decline of neighbors, each firm feels that neighbors work with maximum capacity. In the Ising model when neighbors are downward, if you impose an exogenous field equal to 8J
then it is like all neighbors are upward.
purchase of neighbors from each other where for now we have supposed to be homogenous. In economy we have: the bigger the trade, the stronger the interaction. In this model, the bigger the J, the stronger the interaction. So, the strength of trade between firms is encapsulated in J. The parameter T controls the stochastic behaviors. If we let T → 0 then it means that managers have no stochastic behavior; i.e. if the majority of neighbors of a firm work with maximum/minimum capacity then it definitely works with maximum/minimum capacity. By comparison if we let T grow comparing toN J whereN is the average degree of the network, the chance for a firm to work with maximum or minimum capacity becomes equal; i.e. the behavior becomes random and correlation between neighbors tends to zero. If we aim to encapsulate the positive correlation between activity of nodes and the uncertainty of behaviors in a single parameter, the best candidate would be the temperature. If the interaction between firms are strong, the system would reside in the cold phase of the ferromagnetic Ising model. In such a case, if a major portion of firms work with minimum capacity, then without shocks, recovery would be unlikely. If we accept to model the real networks of firms with a homogenous Ising model still finding proper temperature is not easy. The long lasting stagnations after big downturns such as the Great Depression or the Great Recession however is a sign that in some senses the metastable states could exist in economy which for our model suggests that the temperature should be relatively low. The stagnation after the great depression lasted more than a decade leading the second world war. Once the war started and a the government purchase boosted then economy fell into the right track. Even after the war when government purchase declined economy kept its good shape. That is why in a Keynesian economics it is believed that without government stimulation, economy may live in a long lasting depression. If we believe Keynes's terminology, then we should think of temperatures below the critical temperature.
When the government aims to stimulate economy through fiscal policy, it makes some orders from the private party. Regarding networks, it tries to compensate decline of orders by nodes from each other. This means that in our dipole model most of dipoles are downward. When government makes extra purchase from the private party, for firms this new order compensates part of decline of order by their neighbors. So, in strategies in Eq.
(1) we should add a term similar to the external field for the role of government stimulus purchase.
We suppose that in recession, the system lives in the vacuum where most of firms work with minimum capacity. Now we impose a stimulus field in an upward direction and track magnetization. We track the magnetization and measure the number of Monte Carlo steps that the stimulus field needs to change the status of at least half of the dipoles to an upward direction denoted by τ . To state clearer τ is the number of Monte Carlo steps needed for stimulation to elevate the magnetization above zero. In economy a stimulus bill can be imposed in a few seasons or a couple of years. The total bill however is important. So, in our Ising model of economy we should be interested in τ H.
We can impose a relatively weak field H. The value for τ however increases. On the contrary we can impose a stronger field and decrease the value of τ . Now, there is a question. Under what circumstance we can decrease τ H? Dynamic of the Ising model and its metastability has been widely studied, see for example [12] - [13] and references therein. The response of the system depending on the strength of the stimulating field are divided in stochastic an deterministic regimes. Our interest is in deterministic regime where the system changes its vacuum in a predictable time passage.
It can be shown that this value has a minimum bound where we cannot have a successful stimulation for hits smaller than such a bound. Besides, it has been shown that this value is translated to the minimum bound for successful stimulation in economy as
where ∆GDP is the gap between GDP in expansion and recession.
It is interesting to notify the observation that despite simplicities in the model it had successful predictions for two of the biggest economies in the world. While the US stimulus bill was above this threshold and successful, the EU bill was far below this threshold and unsuccessful, [8] .
The model is so far too simple to be reliable for the application in economy. The important point however is that it suggests that local correlation in the network provides a hysteresis and to overcome such hysteresis we To bypass restrictions of the Ising model and to be closer to the real world we consider the XY model. It is mainly because in the real world managers have much more than binary choices. In this perspective we can suppose that each manager as an agent chooses a random angle in the XY plane. We then suppose that the cosine of the angle with the positive Y direction represents the level of activity of a firm. A zero angle means the highest level of activity and an angle equal to π means the lowest level of activity, see Figure 2 . In other words, given the firm i we can denote its level of activity by
where Y min and Y max represent the minimum and maximum capacity of production of the firms. Now the XY model of firms makes sense. If neighbors of a firm work with a higher level of activity, they force the firm to work with a higher level. The intensity of their force however is a function of their angles, i.e. it is a function of their level of activities. In our Monte Carlo simulation we update directions proportional to their weights
where summation is over the neighbors of node i. This probability notifies one fact; though any direction might be chosen by each node, angles closer to the neighbors' one are more probable. In economic language this means that managers have a stochastic and heterogenous behavior. It is however more likely that they choose a level of activity closer to their neighbors. Now, we suppose that in economic crises a majority of firms work with a low level of activity. We then ask if we want to stimulate such a network to work with a higher level of activity, what would be the response of the network? Should there exist some resistance from the network for recovery or equivalently is there still a minimum bound for a successful stimulation?
RESULTS
We first suppose that in recession all firms work with their minimum capacity. In the XY language, all dipoles are along the negative Y direction. A fiscal stimulation aims to compensate the decline of orders. In our XY language it can be modeled by a magnetic field along the positive Y direction aiming dipoles to modify directions towards this direction. In an experiment we ran a simulation for a Watts-Strogatz network with 512 nodes, with the average degree K = 8, and the probability for rewiring P = 0.1. Since at the beginning all dipoles were along the negative Y direction, we hadm y = −1. We then imposed a magnetic field with the intensity H and updated the direction of dipoles under such a field. We tracked the net magnetization and measured how many Monte Carlo steps were needed for the stimulus field to change m y to elevate above zero. The value which we were interested in was τ H which in economy means the total bill imposed within a number of seasons.
The result of our simulation for an ensemble of 1000 runs is graphed in Figure 3 . As it can be seen, there are two regimes: a deterministic regime and a stochastic regime. If we impose a relatively strong field we can expect the magnetism to become zero after a predictable period. If we impose a weak field then the response of the network is stochastic, in a sense that the standard variation for τ H is comparable with its mean value.
In the world of economy, the stochastic regime is not of interest. First of all, neither policy makers nor politicians are interested in stimulations which their outcomes are stochastic. Secondly, if you want to wait that long, some other parameters such as technological shocks may after all help economy to recover. Keynes says: "In the long run we are all dead". The aim of stimulation is not to leave economy with stochastic shocks. It is an act aiming to recover economy within a reasonable time passage. So, we focus our simulations and analysis within this region. In this region we find a minimum around H = 8 where the minimum of τ H is 15.7 ± 0.72. We have so far a good news which is the existence of the minimum bound The X axis shows the intensity of the stimulus field. The Y axis shows the size of the hit or τ H. As it can be seen for week fields the response of the system is stochastic where the standard variation of successful hits is comparable with its mean value. For strong intensities however the response is deterministic. The response has a minimum in the strong intensity regime. for successful stimulation. Existence of such a bound however is not a good news if it is not universal. In other words we should look for the minimum bound in other networks and see if it is independent of the network characteristics.
SENSITIVITY ANALYSIS
We now need to check if our minimum bound depends on the properties of the network such as size or degree distribution. So we should perform some analyses. The first point to be checked is the dependency of the result on the size. In Figure 4 we have depicted the result of simulation for different sizes. As it can be seen, the minimum bound of successful stimulations are independent of the sizes. This is a reasonable property. Within the regime we study, the stimulating field is strong. As a result, the metastable lifetime is short, namely a few Monte Carlo steps. So, the boundary conditions do not affect the result. The second point to be checked is the dependency of the result to the average degree. The results are presented in Figure 5 . From the graph it is clear that the minimum bound grows as the average degree grows. Now we graph the minimum bound vs the average degree in Figure 6 . As it can be seen, the minimum grows linearly with the average degree. this means that our minimum bound is related to a property of the networks. If we make a wise analysis however this property is an advantage.
Consider a crisis where a major portion of firms work with minimum capacity. In this case in our dipole models a major of nodes align towards the negative Y direction. Now if the stimulus bill is big enough to compensate the decline of orders, the firms would not mind about any decline of orders by neighbors. In this case, in average for each firms it looks like that its neighbors are working with maximum capacity. In the XY model and in a Watts-Strogatz network with average degree K, we suppose that all nodes are downward. If a stimulus field has an intensity equal to 2K in the positive Y direction, then for each dipole it is equivalent to the cases where neighbors are upward. So, the gap between production in expansion and depression is proportional to the average degree. Then we can write
in which J is interaction in the XY model, and ∆GDP is the gap between expansion and depression. To have a quantitative result we need to identify other important parameters.
Actually the missing object in our discussion is the link between time in our model and the real world. What is a Monte Carlo time step in the real world? The fact is that for different sectors of economy we should have different time steps. For those sectors which need unskilled or low skilled employees it is much easier to reduce or increase production. For sectors with professional employees it would be harder to fire & hire employees, since the instability caused by this action is more expensive. For some other sectors such as construction, when a project Figure 5 has been graphed. As it can be seen, the minimum of τ H grows linearly with K.
is started it would be hard to abandon. So, the overall conclusion is that the time step for a manager to change strategy for the level of activity is heterogenous. For the simplest case however we can suppose to have similar time steps. The majority of contracts between employees and employers are on annual basis. So, if a manager aims to reduce production to its minimum capacity, in average she should wait 6 months for contracts to be fulfilled. This means that for the simplest case we can suppose that one Monte Carlo step is six months. If we suppose a Monte Carlo step in an XY model is six months, then we can rewrite equation (5) as
This equation states that if in an XY model we impose a magnetic field with a strength twice the interaction between nodes before updating all the nodes, then it is equivalent with the case where we have stimulated economy with the gap for aggregate production in six months. Now if we stimulate our XY model with different strengths and different numbers of Monte Carlo steps, then for the related bill in the economy side we can write
This equations is very flash. It states that if the value of τ H in the XY side grows linearly with K, then in the economy side the related stimulation is independent of K. So, our minimum bound is independent of the average degree. Another point to be checked is the relation between the minimum bound and temperature. In another simulation for a network with 500 nodes and K = 8 we performed simulation for a range of temperatures below T c . The result has been depicted in Figure 7 . As it can be seen, the minimum of τ H is not substantially affected by the temperature. So, our result in a reasonable range of temperature would not depend on the temperature itself. Figure 8 : For a Watts-Strogatz network the degree average has been kept equal to 16. The probability for reconfiguration (P) in the network has been changed within a range of 0.05 to 0.25. As it can be seen, the minimum of τ H is independent of P .
As another analysis we checked the impact of the value of rewiring probability P . We changed its value in the network and performed simulation for T = 0.8T c . The result has been depicted in Figure 8 . As it can be seen, again the minimum bound is independent of the network characteristics.
So far we have supposed that recession can be represented by a network with all nodes downward. One may however argue that in recession not all firms work with their minimum capacity. In this case we need to change our initial conditions. So we perform another experiment.
In this experiment, we supposed that in bubbles and expansions before the crises, a big portion of firms work with their maximum capacity. Deep crises is denoted by the situation where a big fraction of firms reduce their production. To simulate such a situation, we first set all dipoles along the positive Y direction. We then imposed a strong downward magnetic field. Under this field some dipoles take random directions where downward directions become preferred. We tracked the magnetism along Y direction until it became m y = −0.5. This means that some firms were working with their higher capacities. Some firms were working with lower capacities and some were in the middle. The overall result however rep- resents a serious decline in production. We suppose that it resembles a situation close to the situation in downturn such as the crash of economy after the Lehman Brothers bankruptcy. We now, impose an upward magnetic field and check its influence. The result has been depicted in Figure 9 . As it can be seen, still the minimum bound for stimulation exists. This bound however has been dropped from our pervious situations to τ H min = 11.2 ± 1.16. It however should be noticed that if we suppose that in a recession magnetization is around m y = −0.5 then we should rewrite equation (7) as
This is because, in this case the gap for GDP belongs to the situations where we have m y = −0.5 and m y = 1. This equation suggests the minimum bound for stimulation to be τ H min = (0.47 ± 0.05)∆GDP . Surprisingly we observe that still the minimum bound for successful stimulation is not changed substantially.
CONCLUSIONS
Physicists have tackled a wide spectrum of interdisciplinary problems which ranges from biology [14] - [16] to social sciences [17] - [18] , econophysics [19] - [27] and many other areas of researches. One of the major concerns in such areas of researches is the matter of time. While in statistical physics, regularly time is not of interests and phenomena are studied at equilibrium, for a big portion of systems such as those studied in socioeconomics, time is a crucial parameter. This difference results in some unexpected effects.
Ergodic theory for example claims that if a finite size system is left isolated, it spans almost the entire phase space and bypasses different equilibria. Ergodic theory works for a great range of phenomena in physics where we usually have enough time for evolution. In nature and in societies however time is a matter of survive. So, we may not be able to wait for a long time until various local equilibria of the phase space are met. In such cases forcing the system to move to our desired part of the phase space is not costless.
Though theoretically both Ising and XY models have no hysteresis, when we are concerned with time we observe metastability and resistance. Metastability and dynamic hysteresis of the Ising model has been widely studied in the literature. In this paper however we focused on the XY model. Despite the Ising model, in the XY model below the critical temperature we have a continuous range of vacuums. Though these vacuums share the same level of energy, still triggering the system to the desired vacuum has a minimum cost which is an interesting observation. When translated into our agent based model of economy we observe that in a model more realistic than the Ising model, still there is a dynamic hysteresis and to overcome it we need a minimum bound of budget. This minimum is about 0.48∆GDP where ∆GDP is the gap for GDP between recession and expansion.
It should be notified that as the major goal of the work we showed that if agents have the choice to put production level to a continous level, still the minimum bound for stimulation exists. This means that the minimum bound suggested for successful stimulation is not the result of simplification of the economic networks to the Ising model. Beside this finding we showed that the minium bound is close to our earlier observation. Despite our prior goal this finding is not a concrete result. Actually, to translate our result to the economic values, we supposed that one Monte Carlo step means one year in the Ising model and six months in the XY model. One should notify that in real world, managers have choices such as declining the working hours. Such decision can be made pretty fast. To have a proper interpretation for the economic world we need to bring such possibilities into account. In such cases though the minimum bound exist, its value will be less than the prediction of the Ising model.
In our model we supposed that interactions for all nodes are positive. This is while in the real world some interactions are negative. If Ford sells more, then there is a good chance that Chevrolet sells less. So, an improvement of the analysis could be an extension to the spin glass like model. Moreover, for more realistic cases a heterogenous network with different weights should be considered.
Emergence is the most important issue discussed in complex systems. It arises when we study the collective behavior of many body systems. One of the major goals of econophysicists is to understand the collective behaviors in economy, see for example [28] - [29] .
Though we were concerned with the economic networks, metastability and dynamic hysteresis may arise in many other networks and social systems. An example is the voting model. If people can influence each other's attitudes, then social paradigms may live in local equilibria. Studying metastability of such systems will be harder than economical systems, but more exotic. Actually in any game theoretical model, dynamic hysteresis may exist when we aim to move from a local equilibrium to another one.
